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ON TOPOLOGICAL COMPLEXITY OF TWISTED PRODUCTS
ALEXANDER DRANISHNIKOV
Abstract. We provide an upper bound on the topological complexity of
twisted products. We use it to give an estimate
TC(X) ≤ TC(pi1(X)) + dimX
of the topological complexity of a space in terms of its dimension and the
complexity of its fundamental group.
1. Introduction
The topological complexity TC(X) of a space X was defined by Farber [F1] as
the minimum integer k such that X ×X admits an open cover U0, . . . , Uk by k+1
sets such that for each Ui there is a continuous motion planning algorithm si,
i.e., a continuous map si : Ui → PX to the path space PX = X [0,1] such that
si(x, y)(0) = x and si(x, y)(1) = y for all (x, y) ∈ Ui. We note that here we defined
the reduced topological complexity. In the original definition the enumeration of
Ui goes from 1 to k. Thus, it defines the nonreduced topological complexity which
is by one larger.
The topological complexity is homotopy invariant. Therefore one can define the
topological complexity TC(π) of a discrete group π as TC(K(π, 1)) where K(G, 1)
is an Eilenberg-Maclane complex. It is known that
cd(π) ≤ TC(π) ≤ 2cd(π)
where cd(π) is the cohomological dimension of a group π [Br]. M. Farber proposed
a natural question:
1.1. Problem (Farber). What kind of a discrete group invariant is TC(π)?
Note that for groups with infinite cohomological dimension TC(π) =∞. Thus,
Farber’s question makes sense only for groups admitting a finite dimensional Eilenberg-
MacLane complex, in particular, for torsion free groups. It is known that the re-
duced Lusternik-Schnirelman category of a group π agrees with the cohomological
dimension,
cat(K(π, 1)) = cd(π).
In view of the equality TC(G) = catG [F3] for all topological groups G and the fact
that K(π, 1) is homotopy equivalent to a topological group for abelian π, we obtain
that TC(π) = cd(π) for abelian groups. For free nonabelian groups the other
bound is taken, TC(π) = 2cd(π). Using the wedge formula for the topological
complexity [Dr3] Yu. Rudyak noticed that for all values k and n with n ≤ k ≤ 2n
there is a group π with cd(π) = n and TC(π) = k [Ru].
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In this paper we investigate how the topological complexity of the fundamental
group could help to estimate the topological complexity of a space. A. Costa and
M. Farber [CF] obtained the following upper bound
TC(X) ≤ 2 cd(π) + dimX
for the topological complexity of a space X with the fundamental group π. Their
result is parallel to the estimate for the Lusternik-Schnirelmann category [Dr1](see
also [Dr2]):
catX ≤ cd(π) +
1
2
dimX.
In this paper we improve the Costa-Farber inequality to the following
TC(X) ≤ TC(π) + dimX.
This result was obtained as a corollary of an upper bound formula for the topological
complexity of a twisted product. It is known that in the case of the Cartesian
product X = B × F there is a formula
TC(X) ≤ TC(B) + TC(F ).
In the case of a twisted productX = B×˜F overB with the fiber F and the structure
group G we prove the formula
TC(X) ≤ TC(B) + TC∗G(F )
where TC∗G(F ) is a version of the equivariant topological complexity introduced
in this paper. We note that our version of the equivariant topological complexity
differs from those defined by Colman-Grant [CG] and Lubawski-Marzantowicz [LM].
We call it the strongly equivariant topological complexity.
2. Preliminaries
Inspired by the work of Kolmogorov [K] on Hilbert’s 13th problem, Ostrand [Os]
gave a characterization of dimension in terms of k-covers. In this paper we apply
his technique to the topological complexity.
A family U of subsets of X is called a k-cover, k ∈ N if every its subfamily of k
elements forms a cover of X . The order Ordx U of a cover U at a point x ∈ X is
the number of elements in U that contain x. The following is obvious.
2.1. Proposition. A family U that consists of m subsets of X is an (n+ 1)-cover
of X if and only if Ordx U ≥ m− n for all x ∈ X.
Proof. If Ordx U < m− n for some x ∈ X , then n+ 1 = m− (m− n) + 1 elements
of U do not cover x.
If n+1 elements of U do not cover some x, then Ordx U ≤ m−(n+1) < m−n. 
2.2. Definition. Given ∆ ⊂ Z, a subset U ⊂ Z is called deformable to ∆ if there
is a homotopy ht : U → Z with h0 : U → Z the inclusion and h1(U) ⊂ ∆. An open
cover U = {U0, U1, . . . , Un} of Z is called ∆-deformable if each Ui is deformable to
∆. If a group G acts on Z and ∆ is an invariant set, we call a subset U equivariantly
deformable to ∆ if the above homotopy ht is an equivariant map for each t ∈ [0, 1].
The following is well-known:
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2.3. Proposition. The topological complexity TC(X) of a space X is the minimum
number k such that X ×X admits an open cover U0, . . . , Uk by ∆(X)-deformable
sets where ∆(X) = {(x, x) ∈ X ×X | x ∈ X} is the diagonal in X ×X.
We call an action of a topological group G on a locally compact metric space
X proper if for every compact C ⊂ X the set {g ∈ G | g(C) ∩ C 6= ∅} ⊂ G is
compact. We recall that the orbit space X/G of such action is always completely
regular (Proposition 1.28 [Pa]).
2.4. Theorem. Let {U ′0, . . . , U
′
n} be an open cover by G-invariant sets of a locally
compact metric space Z with a proper action of a topological group G on it. Then
for any m = n, n+1, . . . ,∞ there is an open (n+1)-cover of Z by G-invariant sets
{Uk}mk=0 such that Uk = U
′
k for k ≤ n and Uk = ∪
n
i=0Vi is a disjoint union with
Vi ⊂ Ui for k > n.
In particular, if {U ′0, . . . , U
′
n} is ∆-deformable for some ∆ ⊂ Z, then the cover
{Uk}mk=0 is ∆-deformable.
Moreover, if {U ′0, . . . , U
′
n} is equivariantly ∆-deformable for some subgroup H ⊂
G, then the cover {Uk}mk=0 is equivariantly ∆-deformable.
Proof. We construct the family {Ui}mi=0 by induction on m. For m = n we take
Ui = U
′
i .
Let U = {U0, . . . , Um−1} be the corresponding family for m > n. By Propo-
sition 2.1, Ordz U ≥ m − n. Consider the set Y = {y ∈ Z | Ordy U = m − n}.
Clearly, it is a closed G-invariant subset of Z. If Y = ∅, then by Proposition 2.1 U
is an n-cover and we can add Um = U0 to obtain a desired (n+ 1)-cover. Assume
that Y 6= ∅. We show that for every i ≤ n the set Y ∩Ui is closed in Z. Let x be a
limit point of Y ∩ Ui that does not belong to Ui. Let Ui1 , . . . , Uim−n be the sets of
the cover U that contain x ∈ Y . The limit point condition implies that
(Ui1 ∩ · · · ∩ Uim−n) ∩ (Y ∩ Ui) 6= ∅.
Then Ordy U = m− n+ 1 for all y ∈ Y ∩ Ui ∩ Ui0 ∩ · · · ∩ Uim−n . Contradiction.
We define recursively F0 = Y ∩ U0 and
Fi+1 = Y ∩ Ui+1 \ (
i⋃
k=0
Uk).
Since the sets U0, . . . Un cover Z, this process stops at i = n. Note that {Fi}ni=0
is a disjoint finite family of closed G-invariant subsets with ∪ni=0Fi = Y . Let
q : Z → Z/G be the projection to the orbit space. Since the action is proper, by
the combination of the Urysohn Metrization theorem and Palais result mentioned
before this theorem the orbit space Z/G is metrizable. Note that the sets q(Fi) are
disjoint. Since q is a quotient map and Fi and Ui are G-invariant, the sets q(Fi)
and q(Ui) are closed and open respectively. By taking disjoint open neighborhoods
of q(Fi) lying in q(Ui) we fix open G-invariant disjoint neighborhoods Vi of Fi with
Vi ⊂ Ui. We define Um = ∪ni=0Vi. In view of Proposition 2.1, U0, . . . , Um−1, Um is
an (n+ 1)-cover.
Clearly, the deformations of Ui to ∆, i ≤ n, define a deformation of Um to ∆.
If the deformations of Ui, i ≤ n, to ∆ are equivariant for some subgroup H ⊂ G,
then the deformation of Um is equivariant. 
The following is well known:
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2.5. Proposition. Let X be a metric space, A a subset of X and V ′ = {V ′i }i∈J a
cover of A by sets open in A. Then V ′ can be extended to a cover V = {Vi}i∈J of
A by sets open in X with the same nerve and such that Vi ∩ A = V ′i for all i ∈ J .
Proof. The required extension V = {Vi} can be defined by the formula
Vi =
⋃
a∈V ′
i
B(a,
d(a,A− V ′i )
2
), i ∈ J
(see Proposition 3.1 [Sr]). 
3. Strongly equivariant topological complexity
Let G act on Y , we define the strongly equivariant topological complexity TC∗G(Y )
to be the minimal integer k such that there is an open cover of Y × Y by (G×G)-
invariant sets U0, . . . , Uk such that for each i there is a G-equivariant map φi : Ui →
Y I for the diagonal action on Ui such that φ(y0, y1)(0) = y0 and φ(y0, y1)(1) = y1.
Note that in the definition of the equivariant topological complexity TCG(Y )
Colman and Grant [CG] ask the sets Ui to be G-invariant. It follows from the
definitions that TCG(Y ) ≤ TC∗G(Y ). Another version of an equivariant topologi-
cal complexity called the symmetric topological complexity STCG(Y ) was defined
by Lubawski and Marzantowicz [LM]. They require the existence of (G × G)-
equivariant deformations of Ui to the (G×G)-saturation of the diagonal. We note
that for free actions on simply connected spaces, TC∗G(Y ) ≤ STCG(Y ) .
Let a group G act on F and let p : EG → BG be the projection to the orbit
space of the universal G-space. Then the universal F -bundle pF : F ×GEG→ BG
is obtained by taking the orbit space F ×G EG of the diagonal action on F ×EG.
We say that an F -bundle f : X → Y has G as the structure group if there is a
map g : Y → BG such that f is the pull-back g∗(pF ) of the universal F -bundle. In
that case we call X the twisted product over Y with the fiber F and the structure
group G.
3.1. Theorem. Suppose that p : X → B is a F -bundle between locally compact
metric ANR-spaces with the structure group G acting properly on F . Then
TC(X) ≤ TC(B) + TC∗G(F ).
Proof. Let TC(B) = n and TC∗G(F ) = m. By Theorem 2.4 applied for the trivial
group there is an (n + 1)-cover U0, . . . , Um+n of B × B by ∆(B)-deformable open
sets. By Theorem 2.4 applied for the (G ×G)-action on F × F with the diagonal
subgroup G = ∆(G) ⊂ G×G there is an (m+ 1)-cover V0, . . . , Vm+n of F × F by
(G×G)-invariant G-equivariantly deformable to ∆(F ) open sets.
The bundle p× p : X ×X → B ×B is the pull back in the diagram
X ×X
g′
−−−−→ (F × F )×(G×G) E(G×G)
p×p
y q
y
B ×B
g
−−−−→ B(G×G)
Note that the family
Ok = Vk ×(G×G) E(G×G), k = 0, . . . ,m+ n.
is an (m+ 1)-cover of the space (F × F )×(G×G) E(G×G).
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Let O′k = (g
′)−1(Ok). We define
Wk = (p× p)
−1(Uk) ∩O
′
k, k = 0, . . . ,m+ n.
We claim that the sets Wk, k = 0, . . . n+m, cover the space X ×X .
Let (x, y) ∈ X × X . By Proposition 2.1 the point (p(x), p(y)) ∈ B × B is
covered at least by m + 1 elements from {Ui}. Let (p(x), p(y)) ∈ Ui0 ∩ · · · ∩ Uim .
By the assumption, the family Vi0 , . . . , Vim covers F × F . Therefore, the family
Oi0 , . . . , Oim covers F × F ×(G×G) E(G×G) and hence the family
(g′)−1(Oi0 ), . . . , (g
′)−1(Oim )
covers X ×X . Thus, (x, y) ∈ (g′)−1(Ois) for some s. Then (x, y) ∈Wis .
Next we show that each set Wk is deformable to ∆(X). The homotopy lifting
property of the fiber bundle f : O′k → B × B where f = (p × p)|O′k and the fact
that the inclusion j : Uk → B ×B is deformable to the diagonal ∆(B) imply that
the set Wk can be deformed in O
′
k ⊂ X × X to the preimage f
−1(∆(B)) of the
diagonal.
We note that the bundle q over the diagonal ∆(BG) ⊂ ∆(BG) × ∆(BG) is
isomorphic to the twisted product bundle q0 : (F × F ) ×G EG → BG for the
diagonal action of G on F ×F . Let φkt : Vk → F be a G-equivariant homotopy with
φk0(x1, x2) = x1 and φ
k
1(x1, x2) = x2. We define a deformation Φ
k
t : Vk → F × F
by the formula Φkt (x1, x2) = φ
k
t (x1, x2) × x2. Note that it is G-equivariant for the
diagonal action, Φk0 = id, and Φ
k
1(Vk) ⊂ ∆(F ). The deformation Φ
k
t defines a
fiberwise deformation of Vk ×G EG in (F × F )×G EG to the space ∆(F )×G EG.
Thus, it defines a fiberwise deformation of Ok over the diagonal ∆(BG) to
∆(F ×G EG) ⊂ (F ×G EG)× (F ×G EG) = (F × F )×(G×G) E(G×G).
In the pull-back diagram this defines a fiberwise deformation to ∆(X) of the set
O′k over ∆(B) which is f
−1(∆(B)).
Thus, the concatenation of the above two deformations define a continuous de-
formation of Wk to the diagonal ∆(X). 
3.2. Proposition. Suppose that a discrete group π acts freely and properly on a
simply connected locally compact ANR space Y . Then TC∗pi(Y ) ≤ dimY .
Proof. Let X = Y/π and let dimY = k. Since dimX = k, dim(X × X) ≤ 2k.
It follows from the classical dimension theory that there are 1-dimensional sets
S0, . . . , Sk that cover X ×X [En]. In view of Proposition 2.5 and 1-dimensionality
of Si there is an arbitrary small cover Ui of Si of order ≤ 2 by open in X ×X sets
with compact closure. Let Wi = ∪U∈UiU . Since X×X is an ANR, we may assume
that for each i there is a projection to the nerve φi :Wi → Ki = N(Ui) and a map
ξi : Ki → X ×X such that the composition ξi ◦ φi : Wi → X ×X is homotopic to
the inclusion Wi ⊂ X ×X .
Let q¯ : Y × Y → X ×X be the projection onto the orbit space of the action of
π×π and let q : Y ×Y → Y ×pi Y be projection onto the orbit space of the diagonal
subgroup action. Then there is a connecting projection p : Y ×pi Y → X × X ,
q¯ = p ◦ q. Since the actions are free, p is a covering map. We may assume that
U0 ∪ · · · ∪ Uk is a cover of X ×X by even for p sets. Thus, for U ∈ Ui,
p−1(U) =
∐
γ∈J
U˜γ
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and the restriction of p|U˜γ : U˜γ → U is a homeomorphism for all γ ∈ J . Moreover,
we may assume that there is an even cover V of X×X and a homotopy hit between
the inclusion Wi → X × X and ξi ◦ φi such that for each i and U ∈ Ui there is
V ∈ V such that the image of U × [0, 1] under that homotopy is contained in V .
Then p induces a simplicial covering map p′i : K
′
i → Ki of the nerve K
′
i of the
cover U ′i = {U˜γ | U ∈ Ui, γ ∈ J} onto the nerve Ki. In the above notations p
′
i takes
a vertex corresponding to U˜γ to the vertex defined by U .
Let W ′i = p
−1(Wi). Then we claim that there are maps
φ′i :W
′
i → K
′
i and ξ
′
i : K
′
i → Y ×pi Y
that cover φi and ξi with ξ
′
i ◦ φ
′
i : W
′
i → Y ×pi Y homotopic to the inclusion
W ′i ⊂ Y ×pi Y . Indeed, the projection to the nerve φi : Wi → Ki is defined by
means of a partition of unity {fj} subordinated to the cover Ui = {U ij} of Wi as
φi(x) = (fj(x)) ∈ ℓ2(K
(0)
i ). Here we realize Ki in the standard simplex in the
Hilbert space spanned by the vertices K
(0)
i . Let fj,γ be the extension to W
′
i of the
composition fj ◦ p|U˜γ : U˜γ → [0, 1] by 0. Then {fj,γ} is the partition of unity on
W ′i subordinated to U
′ that defines a projection φ′i and the corresponding diagram
is the pull-back diagram.
The homotopy git = h
i
t ◦ p : W
′
i → X ×X admits a lift g¯
i
t : W
′
i → Y ×pi Y with
gi0 :W
′
i → Y ×pi Y the inclusion. Since for every x
′ ∈ K ′i the map g¯
i
1 coincides with
(p|Vα)
−1 ◦ hi1 ◦ p on φ
−1
i (x
′) where p|Vα : Vα :→ V is a homeomorphism for some
V ∈ V and α, the set
g¯i1((φ
′
i)
−1(x′)) = (p|Vα)
−1(φi(p
′
i(x
′)))
consists of one point. Hence g¯i1 factors through φ
′
i.
Note that X = ∆(Y )/π is naturally embedded in Y ×pi Y . We show that the
sets W ′i = p
−1(Wi) are deformable to X . The construction of a deformation of
ξ′i to a map to X goes as follows. First we do it on all vertices v ∈ (K
′
i)
(0) by
fixing a path pv : [0, 1] → Y ×pi Y with pv(0) = ξ′i(v) and pv(1) ∈ X ⊂ Y ×pi Y .
Note that the inclusion X → Y ×pi Y induces an isomorphism of the fundamental
groups. Then the homotopy exact sequence of pair implies that π1(Y ×pi Y,X) = 0.
Therefore, for every edge [u, v] ⊂ K ′i the product of the paths p¯u∗ξ
′
i|[u,v]∗pv, is path
homotopic to a path in X . Here p¯v denotes the inverse path for pv. This defines a
deformation of ξ′i|[u,v] to X that agrees with pu and pv. All such deformations of
edges define a deformation of ξ′i to X . This deformation together with a homotopy
of the inclusion W ′i ⊂ Y ×pi Y to ξ
′
i ◦ φ
′
i defines a deformation of W
′
i to X .
Let Vi = q
−1(W ′i ). Then each Vi is (π × π)-invariant since Vi = q¯
−1(Wi). A
deformation of W ′i to ∆(Y )/π defines a G-equivariant deformation of Vi to ∆(Y )
Thus, an open cover Vi = q
−1(W ′i ), i = 0, . . . , k, of Y × Y satisfies all conditions
from the definition of TC∗pi(Y ). 
3.3. Theorem. For a CW complex X with the fundamental group π there is the
inequality
TC(X) ≤ TC(π) + dimX.
Proof. We apply Theorem 3.1 to the bundle p : X˜ ×pi Eπ → Bπ with the structure
group π and the fiber X˜ , the universal cover of X . Note that since Eπ is con-
tractible, the map X˜ ×pi Eπ → X induced by the projection pr1 : X˜ ×Eπ → X˜ to
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the first factor is a homotopy equivalence. We apply Proposition 3.2 to complete
the proof. 
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